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AMENABILITY VERSUS NON-EXACTNESS OF DENSE SUBGROUPS
OF A COMPACT GROUP.
MASATO MIMURA
Abstract. Given a countable residually finite group, we construct a compact group K
and two elements w and u of K with the following properties: The group generated by
w and u3 is amenable, the group generated by w and u contains a copy of the given
group, and these two groups are dense in K. By combining it with a construction
of non-exact groups that are LEF by Osajda and Arzhantseva–Osajda and formation
of diagonal products, we construct an example for which the latter dense group is non-
exact. Our proof employs approximations in the space of marked groups of LEF (“Locally
Embeddable into Finite groups”) groups.
1. Introduction
In the present paper, we provide a way to construct RF (Residually Finite) groups
with interesting properties. More precisely, we prove certain embedding theorems into
RF groups. Our main point is that we extend our framework from RF groups to LEF
(Locally Embeddable into Finite groups) groups, which are closely related to the space
of marked groups. See Section 2 for more details of our method and organization of the
current paper. Here we briefly recall concepts of RF and LEF groups, which are equivalent
to the standard definitions for finitely generated groups. See Subsection 4.1 for details of
terminologies appearing in the definition below.
Definition 1.1. Let G be a finitely generated group.
(1) ([27], [44], [45]) The group G is said to be LEF if for some (equivalently every) marking
S of G, there exists a sequence of finite marked groups such that it converges to (G;S)
in the space of marked groups.
(2) The group G is said to be RF if moreover, we can take a convergence sequence as in
(1) such that it consists of marked group quotients of (G;S).
One of the motivations to construct RF groups with specified properties comes from
the work [31] and [32] of Sako and the author. There we construct two metric spaces
with contrasting coarse geometric properties out of a common sequence of finite groups;
this construction relates to the box space construction of metric spaces from a RF group.
Our main theorem, Theorem A, in particular serves as a source to address the following
question.
Question 1.2. For a compact (Hausdorff) infinite group K and two finitely generated
dense subgroups Λ1 and Λ2 in K, how different can the group properties of Λ1 and Λ2 be?
Date: March 14, 2019.
2010 Mathematics Subject Classification. Primary 20F69; Secondary 20D06.
The author is supported in part by JSPS KAKENHI Grant Number JP17H04822.
1
2 MASATO MIMURA
Question 1.2 is related to RF groups. Indeed, a result of Mal’cev implies that Λ1 and
Λ2 in Question 1.2 must be RF: By the Peter–Weyl theorem, every compact group is
residually linear.
This question is inspired by a conjecture of Lubotzky and Weiss [25, Conjecture 5.4],
which predicted that in the setting of Question 1.2, it would be impossible that Λ1 is
amenable (see [36, Chapter 3]) and that Λ2 has Kazhdan’s property (T) (see [36, 6.4]). This
conjecture was resolved in the negative by Ershov and Jaikin-Zapirain [13, Subsection 6.3]
for K of the form K = ∏n∈N≥1 SL(3n,Fp) for a fixed prime p, where Fq denotes the finite
field of order q for a prime power q. Kassabov provided a different example using a similar
idea; see [13, Subsection 6.3].
Throughout this paper, we always equip an infinite direct product K of finite groups
with the product topology and regard K as a compact group. We use the terminology
“generation” for algebraic generation (as a group), even inside such a K. For n ∈ N≥1, a
group G is said to be n-generated if there exist g1, . . . , gn ∈ G that generate G.
Our main theorem, Theorem A, provides an answer to Question 1.2 by proving that they
can be considerably different. Moreover, we may construct such examples with theminimal
numbers of generators: Λ1 and Λ2 are both 2-generated; furthermore, one generator of Λ1
is the cube of one generator of λ2, and the other generator of Λ1 equals that of Λ2. To
state Theorem A, we use the following terminology.
Definition 1.3. Let
1 Ð→ N Ð→ G˜ Ð→ G Ð→ 1,
be a short exact sequence of countable discrete groups. Assume that N satisfies a group
property N . Then we say that G˜ is an N -lift of G.
We use the terminology lift rather than extension because there is ambiguity of ex-
pressing extensions (“G-by-N” or “N -by-G”). The property N of our concern is being
(countable) locally finite, that means, for every non-empty subset F ⊆ N , the group ⟨F ⟩
generated by F is finite. Locally finite groups are amenable and have asymptotic dimension
0 (see [36, 2.2]).
For two countable discrete groups G and H, we define the standard (restricted) wreath
product G ≀H by (⊕H G)⋊H, where H acts on ⊕H G by permutations of indices by right
multiplications. For n ∈ N≥1, denote by [n] the set {1,2, . . . , n}. For a finite set B, define
Alt(B) as the alternating group over B.
Theorem A (Main theorem: Embedding theorem in the context of finitely generated
dense subgroups in a compact group). Let G be a finitely generated LEF group. Then,
there exist
● a sequence (lm)m∈N of strictly increasing natural numbers at least 5,
● a sequence (pm)m∈N of mutually distinct primes, and
● three elements w, t and u in
K = ∏
m∈N
(Alt([lm]) ≀ (Z/pmZ))
such that the following three assertions are all satisfied:
(1) The group Λ1 = ⟨w, t⟩ is a locally-finite-lift of Z;(2) the group Λ2 = ⟨w,u⟩ contains an isomorphic copy of a locally-finite-lift of G;(3) these two subgroups Λ1 and Λ2 are both dense in K.
Moreover, we may take t = u3.
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Further, for a given finitely generated RF group H, we may arrange (lm)m, (pm)m, w,
t, and u such that Λ2 above contains an isomorphic copy of H.
Remark 1.4. In fact, the group Λ1 which appears in Theorem A may be described in
more detail in terms of locally-fully-normally-finite-lifts, abbreviated as LFNF-lifts; then
it relates to certain group properties in terms of random walks, for instance, the Liouville
property and Shalom’s property HFD [43]. See Definition 3.1 for the definition of LFNF-
lifts, and see Remark 5.6 for more precise statements on Λ1.
Remark 1.5. Through diagonal products (Lemma 4.2), the statement of Theorem A for
the LEF group G follows from that for the RF group H. Nevertheless, we state Theorem A
as in the form above because we first prove the assertion for G and then upgrade it to
that for H; compare with Subsection 5.4. On the assertion on t = u3, see also Remark 5.5.
Remark 1.6. Remarkably, Wilson [46] showed that every countable RF group is embedded
into a 2-generated RF group. Hence, we may drop the finite generation condition on a
(countable) H in the last assertion of Theorem A.
We emphasize that, even our goal is to construct RF groups, it is of importance in our
construction to extend our framework to LEF groups. For instance, if G in Theorem A is
RF, then the last statement of Theorem A shows that we can embed G into a 2-generated
RF group Λ2 that satisfies all of the conditions of Theorem A. Even though in this case
the statement above is expressed inside the framework of RF groups, a clear way to prove
it may be to consider LEF approximations (see Subsection 4.1), which do not come from
group quotients. See Section 2 on the outline of the proof of Theorem A and on some
significance of use of LEF groups in the proof.
As a byproduct of Theorem A, we may have Λ1 being a locally-finite-lift of Z and
Λ2 being non-exact in the setting of Question 1.2; see Corollary 3.2 for the detailed
statement. Exactness for countable groups can be defined as admitting an amenable
action, in the sense of Anantharaman-Delaroche [40, Definition 2.1], on some compact
Hausdorff space by homeomorphisms. Amenability is equivalent to saying that every
action on a compact Hausdorff space by homeomorphisms is amenable. From this point
of view, non-exactness may be seen as an extreme negation of amenability. Non-exactness
of groups has been considered as a pathological property of a group. Corollary 3.2 follows
from existence of (finitely generated) non-exact LEF groups due to Osajda [39], which
is built upon the earlier work of Osajda [38] and Arzhantseva–Osajda [3]; see Section 3,
specially Remark 3.3.
One motivation to study finitely generated dense subgroup Λ of a compact group K is
that it provides a natural action by left multiplication
Λ ↷K,
which is called a compact action. By density of Λ inK, this action is (set-theoretically) free
and minimal. Moreover, with respect to the Haar measure on K, it is measure preserving
and ergodic; see Remark 3.5. In our examples, the compact group K is always profinite;
see Subsection 4.4 for profiniteness. Hence, we, moreover, obtain profinite actions.
For ergodic actions on a compact probability measure space, the spectral gap property,
see Remark 3.5 for the definition, has been paid strong attention in relation to harmonic
analysis, rigidity and other fields. For instance, Gamburd, Jakobson and Sarnak [14]
made the spectral gap conjecture on random dense generators of SU(2); see [8] for recent
development in this conjecture.
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The group Λ2 appearing in Theorem A never has the spectral gap property for the
corresponding profinite action Λ2 ↷ K. Our second theorem enables us to obtain a new
group Λ4 with the spectral gap property for its profinite action. (However, in that case,
our conditions on the set of generators become considerably weak.)
Theorem B (Variety of profinite actions for the same underlying space). Let H be a
countable RF group. Then, there exists a compact group K and a finitely generated dense
subgroup Λ4 such that all of the following hold true:
● The group Λ4 contains an isomorphic copy of H;
● the group Λ4 admits a finitely generated subgroup Λ1 that is a locally-finite-lift of
Z and dense in K; and
● the action Λ4 ↷K has a spectral gap with respect to the Haar probability measure
of K.
In particular, in the same way as in Section 3, we can take Λ4 above to be non-exact.
In Theorem B, we may take
K = ∏
m∈N
SL(lm,Fp),
for a prime p and for a certain increasing sequence (lm)m. Both of the two profinite
actions Λ4 ↷ K and Λ1 ↷ K constructed from K, Λ1 and Λ4 as in Theorem B are given
by projective systems with the common sequence of finite groups
Λ4 ↷K = lim←Ð
n
(Λ4 ↷ ∏
m∈N≤n
SL(lm,Fp)), Λ1 ↷K = lim←Ð
n
(Λ1 ↷ ∏
m∈N≤n
SL(lm,Fp));
see Subsection 6.2 for the construction. Furthermore, if we consider them as Λ4 ↷K ↶ Λ1,
where Λ4 acts on K from the left and Λ1 does from the right, then we have two commuting
profinite actions with contrasting behaviors.
Remark 1.7. Posterior to this work, building upon it, the author obtains some extreme
counterexamples to the Lubotzky–Weiss conjecture; see [30, Theorems 2.1 and 4.8] for
the statements. These results may be seen as strengthening of Theorem B. However, it is
unclear whether we may arrange Λ1 and Λ2 (playing a role similar to Λ4 in Theorem B)
in these results in such a way that Λ1 ⩽ Λ2; for Theorem B it is possible, as we stated in
that way.
In this paper, we refer the reader to comprehensive treatments on coarse geometry (and
concerning group properties), exactness of countable groups, and the space of marked
groups (and the LEF property), respectively, to [36], [40], and [45], [31] and [32]. The
reader who is not familiar with either of these topics will find further references from
these treatises above. We strongly suggest the reader consult Lemma 4.6, Remark 4.7
and Lemma 5.3 in order to have some intuition of the local point of view in the space of
marked groups, which plays a key role to our proof of Theorem A.
2. Strategy of the proof of Theorem A and organization of this paper
As we highlighted in the introduction, one main novelty of the current paper is that
we enlarge the framework to LEF groups, from RF groups, to construct RF groups with
specified properties. The following two points may be crucial to our construction:
● The LEF property is closed inside the space of marked groups; see Lemma 4.6.
This means, for a convergent sequence of marked groups in the Cayley topology,
if each marked group in the sequence is LEF, then so is the limit. See the proof of
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Theorem A, more precisely Step 3 in Subsection 5.4, how we utilize this closeness
property.
On the other hand, the RF property is not closed; see Remark 4.7. It implies
that it is sometimes much easier to construct a LEF group with specified property
than to obtain such a RF group; compare with Remark 3.3.
● The LEF property for finitely generated groups is closed under taking standard(restricted) wreath products. This provides us room that suffices to apply vari-
ants of Hall’s embedding argument ([17, 1.5]) and of the absorption trick ([5,
Lemma 6.13]). The former is employed to reduce the number of generators to
2; the latter is used to construct two system of markings of a fixed sequence of
finite groups that have considerably different behaviors at the Cayley limits (see
Step 3 in the outlined proof of Theorem A below). See, respectively, Lemma 4.8
and Lemma 5.3 for precise statements; we integrate these two arguments into a
key proposition; Proposition 5.4.
In contrast, permanence of the RF property under formation of standard wreath
products is quite restrictive; see Remark 4.7.
Concerning the first point, one of the major open problems on geometric group theory asks
whether all (Gromov-)hyperbolic groups are RF. If the answer to this problem is affirma-
tive, then all groups constructed as (infinitely presented) limits of (possibly graphical)
finitely presented small cancellation groups will be automatically LEF. By contrapositive,
it follows that if there exists one infinitely presented small cancellation group that is not
LEF, then it will resolve the problem above in the negative.
The price here to pay for switching our framework from RF groups to LEF ones is that
our outcome is only a LEF group, not a RF group in general. However, the diagonal
product of marked groups enables us to have a RF group out of a LEF group such that
it is an LFNF-lift, see Definition 3.1, of the original LEF group (in particular, it is a
locally-finite-lift); see Lemma 4.2. Note that Wilson [46] argued in a similar way to one
as in the original embedding argument of Hall, which was inspired by the work of B. H.
Neumann and H. Neumann [33], by employing standard unrestricted wreath products;
Wilson considered a split extension of an infinite products of them and recovered the RF
property to establish the aforementioned result in Remark 1.6. However, in our motivation
concerning Question 1.2, it may not be clear whether we can take a similar strategy to
that.
The proof of Theorem A consists of the following four main steps.
Step 1. For a given finitely generated LEF group G, embed it into a LEF group G# that
is generated by (finitely many) torsions; see Lemma 5.1 in Subsection 5.1. This
step is used to obtain the final group Λ1 that is a locally-finite-lift of Z.
Step 2. Encode information of a LEF approximations of the G# above into alternating
groups; see Lemma 4.10 in Subsection 4.7. This step is important to ensure that
the final groups Λ1 and Λ2 are dense in K, as well as to obtain an isomorphic copy
of G# inside one of the Cayley limit group of a sequence of 2-marked groups. For
the former, see Lemma 4.5, which is a byproduct of Goursat’s lemma.
Step 3. Combine a variant of an embedding argument of Hall and that of the absorption
trick ; see, respectively, Lemma 4.8 in Subsection 4.6 and Lemma 5.3 in Subsec-
tion 5.2 for basic ideas of these arguments. Obtain two systems of 2-markings
of finite groups which are related to a LEF approximation of G# that satisfies
the following conditions: With respect to one marking, the Cayley limit group is(Z/2Z) ≀ Z; with respect to the other, the Cayley limit group contains a copy of
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G#. This is the key step to the whole proof. See Proposition 5.4 in Subsection 5.3
for details.
Step 4. Take the diagonal products associated, respectively, with the two LEF approx-
imations constructed in the third step; see Lemma 4.2 in Subsection 4.2. By
Lemma 4.5, this procedure provides us with desired w, t and u as in Theorem A.
To prove the last assertion on a RF group H, we a priori take a specific LEF approx-
imation coming from a projective system in order to construct an isomorphic copy of H
in the resulting Λ2; see Subsection 4.4. In order to take t = u
3, we employ finite dihedral
groups Dpm and apply encoding as in Step 2 twice. See Subsection 5.4 for details.
Remark 2.1. It is known that for an infinite H, the group G ≀H never has property (T)
unless G is trivial. Hence, despite that Question 1.2 is inspired by the Lubotzky-Weiss
conjecture, Theorems A or B does not produce a dense group Λ2 with property (T). See
Remark 1.7 and [30] for the further development concerning on that conjecture.
The organization of the present paper goes as follows: In Section 3, we state Corol-
lary 3.2 and deduce it from Theorem A. We explain some motivation of (ii) of Corol-
lary 3.2. In Section 4, we explain several ingredients of the proof of Theorem A, including
a brief introduction of the space of marked groups and diagonal products (Subsections 4.1
and 4.2), a byproduct of the Goursat lemma (Subsection 4.3), profinite completions (Sub-
section 4.4), a variant of Hall’s embedding argument (Subsection 4.6), and encoding into
symmetric/alternating groups (Subsections 4.7). Section 5 is devoted to the proof of The-
orem A. In Subsections 4.5 and 5.2, we describe some intuition of Cayley convergences in
the space of marked groups and ideas based on it. We explain the first step (Lemma 5.1
in Subsection 5.1) and the third step (Proposition 5.4 in Subsection 5.3) in the outlined
proof above. In Section 6, we prove Theorem B.
3. Application to “amenability versus non-exactness”
Here we deduce the following corollary to Theorem A. See [36, Chapter 3] for the
definition of elementary amenable groups. As we mentioned in Remark 1.4, we give the
definition of LFNF-lifts.
Definition 3.1 (LFNF-lifts). Let Λ and Γ be countable groups.
(1) For a subgroup N of a countable group Λ, we say that N is locally fully normally
finite if for every (non-empty) finite subset F of N , the normal closure ⟪F⟫Λ of F in
Λ is finite.(2) We say Λ is a locally-fully-normally-finite-lift, an LFNF-lift for short, of Γ if it admits
a short exact sequence
1 Ð→ N Ð→ Λ Ð→ Γ Ð→ 1,
where N is locally fully normally finite.
For instance, the standard (restricted) wreath product (Z/2Z) ≀Z, see Subsection 4.5 for
the definition, is a locally-finite-lift of Z (it is moreover a local-normal-finite-lift of Z in
the sense of [10]). However, it is not an LFNF-lift of Z.
Note that local-full-normal-finiteness implies local finiteness. Unlike local finiteness (or
local-normal-finiteness in the sense of [10]), this property is not “intrinsic”, namely, this
is a property as a subgroup N of Λ, but of a group N alone.
Corollary 3.2. (i) Let P be a group property of countable discrete groups. Assume
that P satisfies the following two conditions:
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● P is closed under taking LFNF-lifts;
● P is closed under taking overgroups, namely, if G ⩾ H and H has P, then so
does G.
Assume that there exists a (finitely generated) LEF group with P. Then there exist a
compact group K and two elements w,u ∈K such that the following three assertions
are fulfilled:(1) The group Λ1 = ⟨w,u3⟩ is a locally-finite-lift of Z. Furthermore, Λ1 an LFNF-lift
of C ≀Z, where C is a finite cyclic group (may be taken as Z/2Z);(2) the group Λ2 = ⟨w,u⟩ has P;(3) both of Λ1 and Λ2 are dense in K.
In the statements above, we may drop the first condition on the property P if there
exists a (countable) RF group with P.(ii) (Amenability versus non-exactness) There exist a compact group K and w,u ∈ K
such that Λ1 = ⟨w,u3⟩ is an LFNF-lift of (Z/2Z) ≀ Z, Λ2 = ⟨w,u⟩ is not-exact, and
both of Λ1 and Λ2 are dense in K.
Moreover, for a given (countable) RF group H, we may arrange K, w and u above(both in (i) and (ii)) such that Λ2 contains an isomorphic copy of H.
The group Λ1 as in (i) of Corollary 3.2, in particular, has asymptotic dimension 1; see
Remark 5.6 for further properties of Λ1 in relation to random walks. See also Remark 3.6
for a possible application of (ii) in terms of warped cones.
Exactness (for countable groups), as we mentioned in the introduction, is known to be
equivalent to property A of Yu (see [36, Chapter 4]); see [40, Theorem 2.5]. See [16] and
[2], as well as [3], [38] and [39], for the history of constructions of non-exact groups.
Remark 3.3. Item (ii) of Corollary 3.2 in particular provides an example of an RF non-
exact group Λ2, which answers [11, Problem 10.4.6], that is different from the first example
by Osajda [39]. In his work, the main difficulty was to ensure the RF property of the
resulting group. The LEF property of it is automatic because this group is constructed
as a limit in the Cayley topology of RF groups; such a group is LEF because it is, in
particular, a Cayley limit of LEF groups and the LEF property is a closed property. Recall
our discussion in Section 2. In [38] and [3], discussion on the LEF property was not
explicitly written. In the later work of Osajda [39], the construction that satisfies the
condition above was given.
In our construction, on the other hand, the RF property follows from general theory out
of the LEF property ; compare with the statement of Theorem A. However, in contrast to
the groups constructed in [38] and [3], and [39], the group Λ2 in our construction may not
be an (infinitely presented) graphical small cancellation group. We do not know whether
our Λ2 as in (ii) of Corollary 3.2 is a-T-menable (see [36, 6.2]), whereas constructions in
[38] and [3], and [39] provided a-T-menable non-exact groups (see [32, Remark 9.5]).
Proof of “Theorem A implies Corollary 3.2”. Item (i) is a direct corollary; see also Re-
marks 1.6 and 5.6. To prove (ii), observe that the work of [39], [38] and [3] implies
existence of a finitely generated LEF non-exact group; see Remark 3.3. The other key is
the following.
Proposition 3.4. Let P be the failure of exactness (for countable discrete groups). Then
P is closed under taking overgroups. It is also closed under formation of amenable-lifts;
in particular, it is closed under taking LFNF-lifts.
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Proof. It is well known that exactness is closed under taking subgroups (see discussion
below Definition 2.4 in [40]). Nowak [34, Theorem 2] showed that exactness is closed
under taking quotients by amenable normal subgroups. (Nowak proved this closeness
in the context of property A; it may be also proved in terms of exactness of reduced
C∗-algebras by virtue of Theorems of Kirchberg and other researchers.) 
These two keys above enable us to deduce (ii) from (i). 
We may also prove (ii) by embedding the (finitely generated) RF non-exact group,
constructed by [39], into Λ2.
Remark 3.5. As we mentioned in the introduction, for a finitely generated dense subgroup
Λ of a compact group K, we may construct the corresponding compact action Λ ↷ K;
it is (set-theoretically) free, minimal (each orbit is dense), Haar-measure preserving, and
Haar-ergodic, that means,
L2(K,Haar)Λ = C1,
where 1 means the constant 1 function on K. Here Λ acts as Koopman representations:
λ ⋅ f(ω) = f(λ−1ω) for λ ∈ Λ and Haar-almost all ω ∈ K, and L2(K,Haar)Λ denotes the
subspace of Λ-invariant vectors. Indeed, to see ergodicity, note that K ↷ K is ergodic.
By density of Λ in K, we obtain the desired ergodicity.
Let G be a finitely generated group and G↷ (Ω, κ) be a measure preserving action on
a measure space. We say that this action, possibly non-ergodic, has a spectral gap if for
some (equivalently, every) finite generating set S of G, there exists ǫ = ǫS > 0 such that for
every f ∈ L2(Ω, κ), it holds that
sup
s∈S
∥s ⋅ f − f∥L2(Ω,κ)/(L2(Ω,κ)G) ≥ ǫ∥f∥L2(Ω,κ)/(L2(Ω,κ)G).
Here f ↦ f is the quotient map L2(Ω, κ) ↠ L2(Ω, κ)/(L2(Ω, κ)G). Though the exact
value of ǫS be affected by the choice of S, strict positivity of (best possible) ǫS does not
depend on it. Kazhdan’s property (T) for G implies that every measure preserving action
G↷ (Ω, κ) has a spectral gap, in the sense above.
Remark 3.6. Profinite actions might have the potential to serve as a source to construct
metric spaces of interest via warped cones. Sawicki [41, 4.5] constructed a class of metric
spaces with some pathological property (such as the failure of the coarse Baum–Connes
conjecture) such that they are not coarsely equivalent to any sequence of graphs (in partic-
ular, they are far from being geodesic spaces in any sense). They are constructed as (level
sets of) warped cones of certain group actions Γ ↷ Z on the Cantor set Z. Nowak–Sawicki
[35] showed that if the action has a certain spectral gap property (with respect to some
probability measure invariant under the group action) relative to a Banach space E, then
the resulting spaces do not admit coarse embeddings (see [36, Chapter 5]) into E. Sawicki
[42, Proposition 7.4] also introduced a notion of piecewise property A, and showed that
under certain conditions, a warped cone has this property if and only if the group Γ is
exact.
Note that, in the statement of Corollary 3.2, we may take H = SL(n,Fp[X]) for n ≥ 3,
where Fp[X] denotes the one-variable polynomial ring with indeterminate X over Fp and
p prime. By a celebrated result of V. Lafforgue [24], every measure-preserving action of
that group on a probability measure space has a spectral gap, in the sense of Remark 3.5,
relative to every Banach space E of non-trivial type; see [32, Example 4.11.(4)] for the
definition and further references.
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4. Ingredients of the proof of Theorem A
In this paper, hereafter, for each n ∈ N we set Mn = (N≤n =){0,1, . . . , n}. Our convention
of the group commutator is [γ1, γ2] = γ−11 γ−12 γ1γ2.
4.1. The space of marked groups. Fix k ∈ N≥1. The space of k-marked groups, we write
as G(k), was intensively studied by Grigorchuk [15]. Here we briefly recall the definition
of it and diagonal products associated to LEF approximations. We refer the reader to [31,
Subsections 2.1, 2.3 and 5.1] for more details and references. Throughout this paper, for
a group G, write its unit as eG.
A k-marked group is a pair (G;S) = (G; s1, . . . , sk) of a group G and an ordered k-tuple
S = (s1, . . . , sk) (called a k-marking ofG) that generates G (as a group). We use the symbol
G to express a marked group. We identify two marked groups G1 = (G1; s(1)1 , . . . , s(1)k )
and G2 = (G2; s(2)1 , . . . , s(2)k ) if there exists a marked group isomorphism φ, namely, an
isomorphism φ∶G1
≃
→ G2 that sends each s
(1)
j to s
(2)
j for j ∈ [k]. In the setting above, we
say a map ψ∶G1 →G2 is a marked group quotient if ψ∶G1 ↠ G2 is a homomorphism that
sends each s
(1)
j to s
(2)
j for j ∈ [k]. Each k-marked group G = (G; s1, . . . , sk) corresponds
to a combinatorial object, the (right) Cayley diagram CayD(G). It is a graph with edge
colorings with color set [k] and with edge orientations, defined as follows. The vertex set is
G, and for each j ∈ [k], we draw an edge with orientation from g to sjg in color j(∈ [k]). We
endow it with the shortest-path distance dG (here we ignore edge orientations to consider
shortest paths). For each R ∈ N and g ∈ G, denote by BCayD(G)(g,R) the (closed) R-ball
centered at g. It is equipped with the structure of a rooted diagram, more precisely, we
set the root as g ∈ G, the vertex set as BG(g,R) = {h ∈ G ∶ dG(h, g) ≤ R}, and the edge set
as the set of all edges whose both terminal points belong to BG(g,R), with remembering
all of those edge-colorings and edge-orientations.
The space G(k) is endowed with a natural topology, which is compact and metrizable. It
is called the Cayley topology in some literature. The convergence in the Cayley topology
corresponds to the local convergence of rooted diagrams. More precisely, Gm → G∞ in
the Cayley topology if and only if the following holds: For every R ∈ N, there exists
mR ∈ N such that for every m ∈ N≥mR , the two rooted diagrams BCayD(Gm)(eGm ,R)
and BCayD(G∞)(eG∞ ,R) are isomorphic (as rooted diagrams). Here two rooted diagramsD1 and D2, with the common edge color set [k], is isomorphic if there exists a graph
automorphism between them that sends the root of D1 to the root of D2 and that preserves
the edge color (in [k]) and the edge orientation of each edge. We write the convergence
Gm →G∞ in the Cayley topology as Gm
Cay
→ G∞.
In more group theoretic language, the Cayley convergence is described as follow: Gm =(Gm; s(m)1 , . . . , s(m)k ) converges to G∞ = (G∞; s(∞)1 , . . . , s(∞)k ) in the Cayley topology if and
only if the map sending s
(m)
j to s
(∞)
j is a partial isomorphism from the BGm(eGm ,R) to
BG∞(eG∞ ,R). Here, for non-empty subsets A ⊆ Γ1 and B ⊆ Γ2, a map φ∶A → B is called
a partial homomorphism if for every γ, γ′ ∈ A with γγ′ ∈ A,
φ(γγ′) = φ(γ)φ(γ′)
holds true. A partial isomorphism is defined to be a bijective partial homomorphism.
If a convergent sequence Gm
Cay
→ G∞ is such that for every m ∈ N, Gm is a finite
marked group (namely, the underlying group Gm ofGm is finite), then we call the sequence(Gm)m∈N a LEF approximation of G∞.
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Note that the RF and the LEF properties are, respectively, closed under taking finitely
generated subgroups (these properties may be defined for countable groups and this close-
ness holds in that context, but in this paper we only need it among finitely generated
subgroups). In fact, for the LEF property for finitely generated groups, the following
is easily seen from the characterization above of Cayley convergence. In this paper, for
ℓ ∈ N≥1Cwe denote by Fℓ the (non-abelian) free group of rank ℓ.
Lemma 4.1. Let ((Lm;v(m)1 , . . . , v(m)ℓ ))m∈N be a convergent sequence to (L∞;v(∞)1 , . . . , v(∞)ℓ )
in the Cayley topology. Let k ∈ N≥1 and let ω1, . . . , ωk be words in Fℓ. For every m ∈
N∪{∞}, let s(m)j = ωj(v(m)1 , . . . , v(m)ℓ ) for every j ∈ [k]. Let Gm be the subgroup of Lm gen-
erated by s
(m)
j , j ∈ [k]. Then ((Gm; s(m)1 , . . . , s(m)k ))m∈N converges to (G∞; s(∞)1 , . . . , s(∞)k )
in the Cayley topology.
In particular, if we a priori know that ((Gm; s(m)1 , . . . , s(m)k ))m∈N converges to a marked
group (G; s1, . . . , sk) in the Cayley topology in the setting above, then L∞ contains an
isomorphic copy of G. Throughout this paper, we will freely use Lemma 4.1 without
mentioning that.
4.2. Diagonal products. For a sequence (Lm)m∈N = ((Lm;v(m)1 , . . . , v(m)ℓ ))m in G(ℓ),
we can construct an ℓ-marked group by formation of the diagonal product as follows; see
also Brieussel and Zheng [9, Subsection 2.1]. It was called the ⊗-product in the paper of
Kassabov and Pak [22, Definition 4.1].
We define the diagonal product of a (sub)sequence of ℓ-marked groups as follows: Let
M = {m1,m2, . . .} is a non-empty (possibly finite) subset of N. Let K(M) =∏m∈MLm and
set for each j ∈ [ℓ],
v
(M)
j = (v(m1)j , v(m2)j , . . . , v(mi)j , . . . , ) (∈K(M)).
Then, ∆m∈M(Lm) is defined as the marked group
∆m∈M(Lm) = (Λ(M);v(M)1 , v(M)2 , . . . , v(M)ℓ ).
Here Λ(M) is the group generated by (v(M)1 , . . . , v(M)ℓ ). If we take M = N, then in this
paper, we simply write K(M), Λ(M) and v
(M)
1 , . . . , v
(M)
ℓ
, respectively, as K, Λ and v1, . . . , vℓ
for short.
Now suppose that (Lm)m∈N = ((Lm;v(m)1 , . . . , v(m)ℓ ))m is a convergent sequence to L∞ =(L∞;v(∞)1 , . . . , v(∞)ℓ ). Then the relationship between Λ above and L∞ is explained in the
following way: The direct sum ⊕m∈NLm ⩽ K is a normal subgroup of K. The map that
sends vj to v
(∞)
j for each j ∈ [ℓ] induces the following short exact sequence
1 Ð→ Λ ∩ ⊕
m∈N
Lm Ð→ Λ Ð→ L∞ Ð→ 1.
See [22, Lemma 4.6]. In particular, we have the following.
Lemma 4.2 (Diagonal products and LFNF-lifts). ; [22] Let (Lm)m∈N be a LEF approxi-
mation of L∞ = (L∞;v(∞)1 , . . . , v(∞)ℓ ). Then the following hold true:(1) The underlying group Λ of ∆m∈N(Lm) is a RF group.(2) The group Λ is a subgroup of ∏m∈NLm.(3) The group Λ is an LFNF-lift of L∞; in particular, it is a locally-finite-lift of L∞.
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In general, Λ as in this lemma is not identical to the Cayley limit L∞. See Subsection 4.4
for a case where L∞ is isomorphically lifted.
We include the following lemma due to its own interest. We do not use it in this paper;
in our construction, we can take a well-chosen LEF approximation of a finitely generated
RF group H in the proof of the last assertion of Theorem A; compare with Subsection 4.4.
This lemma deals with an arbitrary LEF approximation of H, and may be combined with
Lemma 4.1.
Lemma 4.3. Let H be a finitely presented RF group and (h(∞)1 , . . . , h(∞)ℓ ) be a marking of
H. Then for every LEF approximation (H)m∈N = ((Hm;h(m)1 , . . . , h(m)ℓ ))m of the marked
group (H;h(∞)1 , . . . , h(∞)ℓ ), after deleting finitely many Hm from the LEF approximation
if necessary, we have that ∆m∈N(Hm) is isomorphic to (H;h(∞)1 , . . . , h(∞)ℓ ) as a marked
group. In particular, the underlying group H˜ of ∆m∈N(Hm) is isomorphic to H.
Proof. Since H is finitely presented, there exists R ∈ N such that all relations in terms of
(h(∞)1 , . . . , h(∞)ℓ ) that suffice to define H is contained in B(H;h(∞)
1
,...,h
(∞)
ℓ
)
(eH ;R). Fix such
an R. Then by definition of convergence in the Cayley topology, there exists mR such
that for every m ∈ N≥mR , the ball in the Cayley diagram BCayD(Hm;h(m)1 ,...,h
(m)
ℓ
)
(eHm ;R) is
isomorphic to B
CayD(H∞;h
(∞)
1
,...,h
(∞)
ℓ
)
(eH∞ ;R) as rooted diagrams. IfmR > 0, then delete all
Hm for m ∈ N<mR . Then for ∆m(Hm) = (H˜;h1, . . . , hℓ), the ℓ-tuple (h1, . . . , hℓ) satisfies
all relations that suffice to define H. This means that the map h
(∞)
j ↦ hj induces a
homomorphism H ↠ H˜. On the other hand, by construction of diagonal products, the
map ∶hj ↦ h
(∞)
j for j ∈ [ℓ] extends to a H˜ ↠H; these give an isomorphism H ≃ H˜. 
The proof above, in particular, implies that for finitely presented groups, the LEF
property is equivalent to the RF property. It was proved in [45, 2. Theorem].
4.3. A sufficient condition for density: a byproduct of the Goursat lemma. As
we argued in Subsection 4.2, for a given LEF approximation (Lm)m∈N = ((Lm;Vm))m of
L∞ = (L∞;V∞), we constructed a finitely generated RF subgroup Λ of K = ∏m∈NLm
as the underlying group of the diagonal product. This Λ is not necessarily dense in K.
However, Lemma 4.5, a byproduct of Goursat’s lemma, provides a sufficient condition of
density, as we will see in Lemma 4.5. Lemma 4.5 might be known to the experts, but we
include the proof for the sake of completeness.
The following statement is the key to density; it may be seen a corollary to Goursat’s
lemma in group theory. Here, we do not regard the trivial group {e} as a finite simple
group.
Lemma 4.4 (Corollary to Goursat’s lemma). Let H0 and H1 be two finite groups. For
i ∈ {0,1}, let πi∶H0 ×H1 ↠ Hi denote the projection onto the i-th coordinate. Let G ⩽
H0 ×H1 satisfy π0(G) = H0 and π1(G) = H1. Assume that there does not exist any finite
simple group that appears as a group quotient of both H0 and H1. Then, G(⩽ H0 ×H1)
equals the whole group H0 ×H1.
Proof. Let N0 = {h0 ∈ H0 ∶ (h0, eH1) ∈ G} and N1 = {h1 ∈ H0 ∶ (eH0 , h1) ∈ G}. By
assumption on G, it is straightfoward to show that for each i ∈ {0,1}, Ni is normal in Hi.
We then claim the isomorphism
H0/N0 ≃H1/N1.
12 MASATO MIMURA
To prove this, consider the following group homomorphism
ρ∶G→H0/N0 ×H1/N1; (g0, g1)↦ (g0N0, g1N1).
Note that ρ is surjective onto each coordinate. We observe that for g = (g0, g1) and g′ =(g′0, g′1) in G, if the 0-th coordinate of ρ(g) coincides with that of ρ(g′), then ρ(g) = ρ(g′).
Indeed, the assumption above tells that g−10 g
′
0 ∈N0; then
(eH0 , g−11 g1) = (g−10 g′0, eH1)−1(g−10 , g−11 )(g′0, g′1) ∈ G
and hence g−11 g
′
1 ∈ N1. By switching H0 and H1, we conclude that ρ induces the isomor-
phism H0/N0 ≃H1/N1 (this is exactly the statement of the Goursat lemma).
Now we utilize the assumption on finite simple quotients of H0 and H1. The only
possibility for H0/N0 ≃ H1/N1 to happen is when the common group quotient in the
equality above is the trivial group. Hence N0 = H0 and N1 = H0; they imply that G =
H0 ×H1. 
The following lemma roughly states that if Lm, m ∈ N, are pairwise “coprime” in terms
of finite simple groups (quotients), then density is automatic. Recall also that every finite
group admits a composition series, and that a set of the simple groups appearing in this
series (it is called the set of composition factors) does not depend on the way how we take
a composition series; this is the Jordan–Ho¨lder theorem.
Lemma 4.5 (Sufficient condition for density). Let (Lm)m∈N = ((Lm;v(m)1 , . . . , v(m)ℓ ))m be
a sequence of finite marked groups. Assume that there exists no finite simple group that
appears as a simple group quotient of Lm for two distinct m. Then the underlying group
Λ of ∆m∈N(Lm) above is dense in K =∏m∈NLm.
In particular, if no finite simple group appears as a composition factor of Lm for two
distinct m, then Λ above is dense in K above.
Proof. Desired density is equivalent to saying that for every n ∈ N, the projection onto
coordinates from 0-th to n-th, π(Mn)∶K ↠ ∏m∈Mn Lm, gives a surjection from Λ. This
equivalent form immediately follows from Lemma 4.4 by induction on n. 
The latter (weaker) statement of Lemma 4.5 is almost straightforward by the Jordan–
Ho¨lder theorem; see the argument in [25, Example 4.1].
4.4. Relation to profinite completions. We explain the relation between diagonal
products of LEF approximations and profinite completions of RF groups.
Let L∞ be a finitely generated RF group. The RF property is equivalent to existence
of a nested sequence (Nm)m∈N (that means, for every m ∈ N, it holds that Nm+1 ⩽ Nm) of
finite index normal subgroups of L∞ such that ⋂m∈NNm = {eL∞}. In this paper, we call
such a sequence a chain of normal subgroups of L∞. For such a chain (Nm)m∈N, we can
construct a projective system
L∞↠ ⋯↠ L∞/Nm+1↠ L∞/Nm↠ ⋯↠ L∞/N0,
and the profinite completion L̂∞(Nm)m = lim←Ðm
(L∞/Nm) of L∞ with respect to the chain
(Nm)m∈N. Let (v(∞)1 , . . . , v(∞)ℓ ) be a marking of L∞. Then, since (Nm)m∈N is nested and
⋂m∈NNm = {eL∞}, ((L∞/Nm;v(∞)1 mod Nm, . . . , v(∞)ℓ mod Nm))m∈N is a LEF approxima-
tion of L∞ = (L∞;v(∞)1 , . . . , v(∞)ℓ )). Moreover, because (L∞/Nm)m∈N forms a projective
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system, it holds that for this chain (Nm)m∈N,
∆m∈Mn((L∞/Nm;v(∞)1 mod Nm, . . . , v(∞)ℓ mod Nm))
≅ (L∞/Nn;v(∞)1 mod Nn, . . . , v(∞)ℓ mod Nn),
for every n ∈ N. It implies that
∆n∈N((L∞/Nn;v(∞)1 mod Nn, . . . , v(∞)ℓ mod Nn)) ≅ L∞.
Now we go back to the setting of a LEF approximation of a general LEF group.
For (Λ;v1, . . . , vℓ) = ∆m∈N(Lm) for a (general) LEF approximation (Lm)m∈N, we set(Λ(Mn);v(Mn)1 , . . . , v(Mn)ℓ ) = ∆m∈Mn(Lm) (this is again a finite marked group). Then(Λ(Mn))n∈N forms a projective system of the RF group Λ. Therefore, we have the marked
group isomorphism
∆n∈N(Λ(Mn);v(Mn)1 , . . . , v(Mn)ℓ )) ≅ (Λ;v1, . . . , vℓ).
Moreover, the following holds true: If (Lm)m∈N satisfies the condition of (the former
statement of) Lemma 4.5, then the profinite completion Λ̂(Nn)n(= lim←ÐnΛ(Mn)) with respect
to the chain (Nn)n∈N = (Ker(Λ↠ Λ(Mn)))n is naturally isomorphic to ∏m∈NLm. Indeed,
in this case, Λ(Mn) = ∏m∈Mn Lm by Lemma 4.5. Hence, in this case, the action Λ ↷ K =
∏m∈NLm may be regarded as the profinite action
lim
←Ð
n
(Λ ↷ Λ(Mn)) (= lim
←Ð
n
(Λ ↷ ∏
m∈Mn
Lm));
see [1] for more details on profinite actions.
4.5. Standard (restricted) wreath products and the local point of view. For two
(discrete) groups G and H, the standard (restricted) wreath product G ≀H is defined as(⊕H G) ⋊ H, where the H-action is given by the permutation of coordinates from the
right. We identify an element in ⊕H G with a map f ∶H → G such that for all but finite
h ∈H, f(h) = eG. In this way, we write an element in G ≀H as (f,h), where f ∈⊕H G and
h ∈ H. We write the map f ∶H → G that sends all h to eG as e. This is the group unit of
⊕H G. For g ∈ G and h ∈H, we denote by gδh the element
gδh(γ) = { g, if γ = h,eG, otherwise
in ⊕H G.
As we mentioned in Section 2, the LEF property for finitely generated groups is closed
under taking standard (restricted) wreath products. More precisely, we have the following
lemma.
Lemma 4.6 ([45]). LetGm
Cay
→ G∞ in G(k) andHn Cay→ H∞ in G(l). Then as min{m,n}→
∞, we have the following convergence in G(k + l):
Gm ≀Hn
Cay
Ð→ G∞ ≀H∞.
Here for two marked groups G = (G; s1, . . . , sk) and H = (H; t1, . . . , tℓ), G ≀H is defined
to be a marked group with underlying group G ≀H whose marking is given by
((s1δeH , eH), (s2δeH , eH), . . . , (skδeH , eH), (e, t1), (e, t2), . . . , (e, tℓ)).
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Although this lemma is a special case of [45, §2.4. Theorem.ii)], we include the proof of
the lemma above because the proof describes some intuition of convergences in the Cayley
topology; we suggest the reader consult it together with Remark 4.7. As we mentioned
in Subsection 4.1, the Cayley convergence Gm
Cay
→ G∞ in G(k) is the local convergence of
rooted diagrams; more precisely, for each R ∈ R≥0, there exists mR ∈ N such that for every
m ∈ N≥mR , the R-ball centered at eGm in the Cayley diagram CayD(Gm) are isomorphic
to the R-ball centered at eG∞ in CayD(G∞). This amounts to the existence of a certain
partial isomorphism ; recall Subsection 4.1. In this convergence, we disregard behaviors
of Gm outside the R-ball, where m ≥mR; this description will get clearer after the reader
consults Remark 4.7. We refer the reader to [31, Lemma 5.1] and the proof of it as another
pedagogical example.
Proof of Lemma 4.6. Let R ∈ R≥0. We take mR ∈ N and nR ∈ N, respectively, to be integers
corresponding, respectively, to the Cayley convergences Gm
Cay
→ G∞ and Hn
Cay
→ H∞. In
what follows, that form ≥mR and n ≥ nR, theR-ball centered at eGm≀Hn of CayD(Gm≀Hn)
is isomorphic to the R-ball centered at eG∞≀H∞ of CayD(G∞ ≀H∞); once we show this, it
is by definition to obtain the desired Cayley convergence.
Fix m ∈ N≥mR and n ∈ N≥nR . By assumption, the map sending s
(m)
j to s
(∞)
j for
each j ∈ [k] extends to a partial isomorphism between BGm(eGm ,R) and BG∞(eG∞ ,R);
similarly, the map sending t
(m)
i to t
(∞)
i for each i ∈ [l] extends to a partial isomor-
phism between BHn(eHn ,R) and BH∞(eH∞ ,R). The key to the proof is that the R-ball
BGm≀Hn(eGm≀Hn ,R) is included in the following subset of Gm ≀Hn:⎧⎪⎪⎨⎪⎪⎩(f,h) ∶ f ∈ ⊕BHn(eHn ,R)BGm(eGm ,R), h ∈ BHn(eHn ,R)
⎫⎪⎪⎬⎪⎪⎭ ;
the corresponding assertion also holds for the case that (m,n) = (∞,∞). Hence, via the
two partial isomorphisms above, it may be seen that the map which sends (s(m)j δeHn , eHn)
to (s(∞)j δeH∞ , eH∞) for each j ∈ [k] and which sends (e, t(m)i ) to (e, t(∞)i ) for each i ∈ [l]
extends to a paritial isomorphism from BGm≀Hn(eGm≀Hn ,R) to BG∞≀H∞(eG∞≀H∞,R). This
exactly says that the two R-balls in the Cayley diagrams of our concern are isomorphic. 
Remark 4.7. In this proof, it is essential that convergences in the Cayley topology only
observe local behavior of marked groups. In what follows, we explain this feature in more
detail because it is the key to having some intuition of the Cayley topology.
Consider the case where, in the proof of Lemma 4.6, Gm and Hn are, respectively,
marked group quotient, respectively, of G∞ and H∞. In this case, the partial iso-
morphisms BGm(eGm ,R) → BG∞(eG∞ ,R) and BHn(eHn ,R) → BH∞(eH∞ ,R), in fact,
come, respectively, from group quotient maps G∞ ↠ Gm and H∞ ↠ Hn. More pre-
cisely, these group quotient maps are both injective inside R-balls, and the partial iso-
morphisms above are, respectively, given by the inverse maps of the restriction of these
projections. We warn that, even in this case, the inverse map of the partial isomorphism
BGm≀Hn(eGm≀Hn ,R) → BG∞≀H∞(eG∞≀H∞ ,R), constructed in the proof above, may not be
extended to a group quotient map. Here, there is no problem to construct the group
quotient map G∞ ≀H∞↠ Gm ≀H∞. The problem lies in the other step, namely, when we
try to construct “the quotient map Gm ≀H∞ ↠ Gm ≀Hn.” This is because if H∞ ↠ Hn
is a genuine projection (namely, not an isomorphism), then we need to “fold” the direct
sum ⊕H∞ Gm to obtain ⊕Hm Gm. However, this is totally impossible unless Gm is abelian.
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Indeed, for every distinct pair h1 ≠ h2 ∈ H∞ with the same image in Hn by the quotient
map H∞ ↠ Hn, every two elements of the form g1δh1 and g2δh2 (g1, g2 ∈ Gm) commute;
unless Gm is abelian, there is no way possible to “merge” them into a single element in
Gm inside ⊕Hn Gm.
From this viewpoint, the proof of Lemma 4.6 works because we only care local structure
of marked groups. From the local point of view, even in the case that we consider in the
paragraph above, there is no problem to have a partial isomorphism between two standard
wreath products. This is because, if we choose a sufficiently small R (compared with n),
then we have no distinct pair h1 ≠ h2 ∈ H∞ inside the R-ball BH∞(eH∞ ,R) that shares
the same image by H∞↠Hn. If we restrict ourselves to this R-ball, then the serious issue
on “folding” above becomes completely harmless.
The argument above explains why the proof of Lemma 4.6 does not imply that the
standard wreath product of two finitely generated RF groups is RF. In fact, Gruenberg
showed that if G≀H is RF for an infiniteH, then G must be abelian; see [?, Subsection 2.2].
In the present paper, we treat several convergences of marked groups in the Cayley
topology; most of them are straightforward to see if the reader acquires the local point of
view in Cayley convergences. For this reason, instead of giving rigorous proofs of these
convergences, we only describe intuitive ideas based on the local viewpoint, all of which
will be made rigorous.
4.6. A Hall-type argument. One of the main important points of standard (restricted)
wreath products in the current paper is that it enables us to reduce the number of gener-
ators of groups; in this subsection, we explain it. Another, even more important, point is
on the absorption trick in Cayley convergence, as we will see in Subsection 5.2.
Our way of reducing the number of generators is inspired by a construction of Hall
[17, 1.5], which has its origin in the work of B. H. Neumann and H. Neumann [33]. Hall
employed unrestricted wreath products in his construction (namely, instead of G ≀ H =(⊕H G) ⋊H, he considered (∏H G) ⋊H); in this paper we consider a variant of it, which
utilizes standard restricted wreath products.
Lemma 4.8 (Adaptation of the Hall embedding). Let G be a finitely generated LEF group
and S = (s(∞)1 , . . . , s(∞)k ) be a k-marking. Consider two elements w(∞), u(∞) ∈ G ≀Z, where
w(∞) = (f (∞),0) and u(∞) = (e,1). Here f (∞) =⊕j∈[k] sjδ2j , namely,
f (∞)(n) = { sj, if n = 2j for j ∈ [k],
eG, otherwise.
Let Γ = Γ(G;S) be the group generated by w
(∞) and u(∞).
Then, Γ is LEF and it contains an isomorphic copy of the subgroup of G generated by
{[s(∞)i , s(∞)j ] ∶ i, j ∈ [k]}.
Proof. The LEF property of Γ follows from Lemma 4.6. In what follows, we prove the
latter assertion.
For each i ∈ [k], let w(∞)i = (u(∞))2iw(∞)(u(∞))−2i = (f (∞)i ,0). Here we set f (∞)i =
⊕j∈[k] sjδ2j−2i . The key observation here is that for i, j, i
′, j′ ∈ [k], the equality 2j − 2i =
2j
′
− 2i
′
holds if and only if either of the following is satisfied:
● i = j and i′ = j′; in that case, the value of the equality above is 0,
● (i, j) = (i′, j′).
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It implies that for every i, j ∈ [k], [w(∞)i ,w(∞)j ] equals (f (∞)i,j ,0). Here we let f (∞)i,j (n) =
[s(∞)i , s(∞)j ] for n = 0 and f (∞)i,j (n) = eG otherwise. It proves our assertion. 
We employ Hall-type arguments repeatedly in the proof of Theorem A; the significant
point of this argument is that by means of standard wreath products, we create a copy of
group generated by single commutators on a given set of generators in a group with small
number of generators (in the proof of Theorem A, we will apply this to obtain 2-generated
groups and 3-generated groups).
4.7. Encoding into alternating/symmetric groups. We will explain ways to encode
information of a convergence sequence in the Cayley topology into alternating groups. This
procedure plays a key role, in relation to Lemma 4.5, to show density of finitely generated
subgroups in our construction. First we discuss encoding into symmetric groups. Before
proceeding to that, we collect our notation.
Let B be a non-empty, at most countable set. Denote by Sym(B) the full symmetric
group of B and by Sym<ℵ0(B) the finitary symmetric group (the group of all permutations
on B with finite support). By Alt(B), we mean the alternating group over B, namely,
the union of Alt(B0) over all non-empty finite subsets B0 ⊆ B via the natural inclusion
Sym(B0)↪ Sym(B).
Our encoding process into symmetric groups is explained in the following manner.
Lemma 4.9 (Encoding into symmetric groups). Let k ∈ N≥1. Let (Gm)m∈N = (Gm; s(m)1 , . . . , s(m)k ))m
be a LEF approximation of an infinite group G∞ = (G∞; s(∞)1 , . . . , s(∞)k ). Assume that for
every m ∈ N ∪ {∞} and for every j ∈ [k], it holds that s(m)j ≠ eGm .
Then we have the following convergence in G(2k):
(Sym(Gm);χs(m)
1
, . . . , χ
s
(m)
k
, θ
s
(m)
1
, . . . , θ
s
(m)
k
)
Cay
Ð→ (Sym<ℵ0(G∞) ⋊G∞;χs(∞)
1
, . . . , χ
s
(∞)
k
, θ
s
(∞)
1
, . . . , θ
s
(∞)
k
).
Here, G∞ acts on Sym<ℵ0(G∞) as permutations induced by right multiplication; for
a countable group G and for γ ∈ G ∖ {eG}, we define elements χγ ∈ Sym<ℵ0(G) and
θγ ∈ Sym(G) by
χγ = (the transposition on {eG, γ}),
θγ = (the permutation on G given by the right-multiplication of γ).
Proof. First it holds that for every m ∈ N, (χ
s
(m)
1
, . . . , χ
s
(m)
k
, θ
s
(m)
1
, . . . , θ
s
(m)
k
) is a marking
of Sym(Gm); this is because for every γ ∈ Gm ∖ {eGm}, we may write the transposi-
tion on {eGm , γ} as a certain product of these elements. Similarly, we can show that(χ
s
(∞)
1
, . . . , χ
s
(∞)
k
, θ
s
(∞)
1
, . . . , θ
s
(∞)
k
) is a marking of Sym<ℵ0(G∞) ⋊G∞.
Finally, we prove the Cayley convergence in the statement of Lemma 4.9; as we an-
nounced below Remark 4.7, we only give some intuitive description. Let for m ∈ N, Hm =(Sym(Gm);χs(m)
1
, . . . , χ
s
(m)
k
, θ
s
(m)
1
, . . . , θ
s
(m)
k
) and letH∞ = (Sym<ℵ0(G∞)⋊G∞;χs(∞)
1
, . . . , χ
s
(∞)
k
, θ
s
(∞)
1
, . . . , θ
s
(∞)
k
)
The key here is the following: for every m ∈ N and for every R ∈ R≥0, there exists r =
r(m,R) ≤ R with r(m,R)→∞ as min{m,R}→∞ such that elements ofBHm(eSym(Gm), r)
is completely determined by its image of BGm(eGm ,R); more precisely, the map
Sym(Gm)→Map(BGm(eGm ,R),Gm); ξ ↦ ξ ∣BGm(eGm ,R)
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is injective on BHm(eSym(Gm), r). A similar statement holds for m = ∞ as well. For
such r = r(m,R), it holds that for by every element of BHm(eSym(Gm), r), the image of
BGm(eGm ,R) by it is included in BGm(eGm ,R + r). Therefore, we conclude that the
local picture of CayD(Gm) completely determines that of CayD(Hm). Hence, the Cayley
convergence Gm
Cay
→ G∞ may be encoded into symmetric groups as Hm
Cay
→ H∞. 
We proceed to encoding into alternating groups. For each m ∈ N and each j ∈ [k],
χ
s
(m)
j
above has a negative sign; the sign of θ
s
(m)
j
equals the parity of the product of
((the order of s(m)j )−1) and #(Gm/⟨s(m)j ⟩). To obtain our encoding result into alternat-
ing groups, we need to impose some condition on signs of θ
s
(m)
j
. Here is the result which
we will use.
Lemma 4.10 (Encoding into alternating groups). We stick to the setting of Lemma 4.9.
We furthermore assume that for each m ∈ N and each j ∈ [k], θ
s
(m)
j
has a positive sign.
Then,
(χ
s
(m)
1
χ
s
(m)
2
, . . . , χ
s
(m)
1
χ
s
(m)
k
, θ
s
(m)
1
, . . . , θ
s
(m)
k
, χ
s
(m)
1
θ
s
(m)
1
χ
s
(m)
1
, . . . , χ
s
(m)
1
θ
s
(m)
k
χ
s
(m)
1
)
is a (3k−1)-marking of Alt(Gm) for every m ∈ N, and it is a (3k−1)-marking of Alt(G∞)⋊
G∞ for m =∞. Moreover, we have the Cayley convergence
Alt(Gm) CayÐ→ Alt(G∞) ⋊G∞
with respect to the (3k − 1)-markings above for m ∈ N ∪ {∞}.
Proof. It follows from Lemma 4.9, the Nielsen–Schreier algorithm on generators of finite
index subgroups, and Lemma 4.1. 
For instance, the assumption in Lemma 4.10 on signs is satisfied if #(Gm/⟨s(m)j ⟩) is an
even number for all m ∈ N and for all j ∈ [k].
We recall the following result of Ore [37] on commutators of alternating groups, which
will be used in the proof of Theorem A; as we mentioned in Subsection 4.6, it is of impor-
tance to write a certain element as a single commutator to apply a Hall-type argument.
Lemma 4.11 ([37]). For n ∈ N≥5, every element in Alt([n]) may be written as a single
commutator.
5. Proof of Theorem A
Recall our outlined proof of Theorem A from Section 2. The second and fourth steps
are already described, respectively, in Subsections 4.7 (Lemma 4.10) and 4.2 (Lemma 4.2).
The first step will be explained in Subsection 5.1 (Lemma 5.1). In the third step we employ
Proposition 5.4; it is a combination of a Hall-type embedding argument (Lemma 4.8) and
the absorption trick (see Lemma 5.3 for a prototype). We will explain Proposition 5.4,
which is the key proposition to the proof, in Subsection 5.3. In Subsection 5.4, we demon-
strate the complete proof of Theorem A.
5.1. An auxiliary lemma. We prove the following auxiliary lemma, which enables us
to embed a finitely generated LEF group into a LEF group generated by finitely many
torsions.
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Lemma 5.1 (Embedding into a LEF group generated by involutions). Let G be a finitely
generated LEF group. Then there exists a finitely generated group G# that satisfies the
following three conditions.
● G# admits a set of generators all of whose elements are of order 2.
● G# contains an isomorphic copy of G.
● G# is LEF.
Proof. Let G be a LEF group generated by s
(∞)
1 , . . . , s
(∞)
k
. In what follows, we construct
a group G#(1), generated by (k + 1)-elements a, b, s#(1)1 , . . . , s#(1)k−1 , such that the following
hold:
● a and b are torsions of order 2.
● For every j ∈ [k − 1], the order of s#(1)j coincides with that of s(∞)j .
● G#(1) contains an isomorphic copy of G.
● G#(1) is LEF.
Iteration of this procedure will yield a desired group G#.
Our construction goes as follows: For n ∈ N≥2 ∪ {∞}, denote by Dn = ⟨cn, dn∣c2n = d2n =(cndn)n = eDn⟩ the dihedral group of degree n (if n =∞, ignore the relation (cndn)n = eDn).
Let n∞ ∈ N≥2 ∪ {∞} be the order of sk. Then, set
G#(1) =Dn∞ ∗Z/n∞Z G,
where we consider Z/∞Z to be Z. Here the amalgam on the right hand side is taken
with respect to homomorphisms Z/n∞Z ↪ Dn∞ and Z/n∞Z ↪ G that sends 1 ∈ Z/n∞Z,
respectively, to cn∞dn∞ and s
(∞)
k
. We set a, b and s
#(1)
1 , . . . , s
#(1)
k−1 and as the images of
cn∞ , dn∞ and s
(∞)
1 , . . . , s
(∞)
k−1 , respectively, by natural injections Dn∞ ↪ G
#(1) and G ↪
G#(1).
We claim that this G#(1) fulfills all of the four conditions above. Indeed, in what
follows, we will show that G#(1) is LEF; the other conditions are by construction. Take a
LEF approximation ((Gm; s(m)1 , . . . , s(m)k ))m∈N of (G; s(∞)1 , . . . , s(∞)k ). For each m ∈ N, let
lm ∈ N≥2 be the order of s
(m)
k
. Consider the following sequence of (k + 1)-marked groups,
((Dnm ∗Z/nmZ Gm; clm , dlm , s(m)1 , . . . , s(m)k−1 ))m∈N.
Here the amalgam is taken with respect to homomorphisms Z/nmZ↪Dnm and Z/nmZ↪
Gm that sends 1 ∈ Z/nmZ, respectively, to clmdlm and s(m)k . We indentify Dnm and Gm,
respectively, with the natural copies of them inside Dnm ∗Z/nmZGm. Then, it can be seen
that this sequence converges to (G#(1);a, b, s#(1)1 , . . . , s#(1)k−1 ) (recall Lemma 4.1). Since
for each m ∈ N, Dnm and Gm are finite, the group Dnm ∗Z/nmZ Gm is virtually free, that
means, it contains a (possibly rank 1) free group of finite index. Hence it is RF (and
in particular, it is LEF). See also [6, Theorem 3]. Therefore, G#(1) is LEF; recall our
discussion in Section 2. (Compare with arguments in [7].) 
Remark 5.2. The proof above of Lemma 5.1 shows that if G above is RF, then we can
take G# such that it is moreover RF.
Burger and Mozes [12] constructed an example of a group of the form F ∗E F , where F
and E are finitely generated free groups and E is of finite index in both sides of F , such
that it is finitely presented and simple. In particular, it is not LEF; recall Lemma 4.3. On
the other hand, our proof above works even when n∞ =∞ because in our case, regardless
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of the group ⟨s(m)
k
⟩, we can adjust D∞ to its finite quotient Dnm and have compatibility
in order to obtain an amalgamated free product Dnm ∗Z/nmZ Gm in every finitary stage.
5.2. The absorption trick. In Subsection 4.6, we saw one important point to employ
standard (restricted) wreath products: It helps us to reduce the number of generators of
LEF groups. In this subsection, we explain another point, which is the most significant
one, to make use of them. The author calls it the absorption trick. This trick was at least
observed in a work of Bartholdi and Erschler. We exhibit a form of the absorption trick,
which is easily deduced from [5, Lemma 6.13].
Lemma 5.3 (Prototype of the absorption trick; [5]). Let k ∈ N≥1. Let G = (G;S) =(G; s1, . . . , sk) be a k-marked group. Then, there exists a sequence (Sm)m∈N of (k + 1)-
markings of G such that we have a convergence
(G ≀Z;Sm) Cay→ (C1 ×C2 ×⋯×Ck) ≀Z
with respect to a certain marking of the Cayley limit group. Here for each j ∈ [k], Cj is
the cyclic group with the same order as sj.
We use the word “absorption” because this lemma may be seen as “absorbing the
original group G into an abelian group by taking the standard (restricted) wreath product
with Z.”
Proof. Let m ∈ N. Set Sm = (sm)1 , s(m)2 , . . . , s(m)k , t), where
s
(m)
j = (z(m)j ,0) for j ∈ [k] and t = (e,1).
Here for each j ∈ [k], define z(m)j ∈⊕ZG by for l ∈ N,
z
(m)
j (n) = { sj, n = 2
m(j − 1),
eG, otherwise.
It is easy to see that Sm is a marking of G ≀Z.
Finally, we describe an intuitive proof of the Cayley convergence of our concern. The
key observation here is the following: If m ∈ N is sufficiently large compared with R ∈ R≥0,
then inside B(G≀Z;Sm)(eG≀Z,R), all these k elements s(m)1 , . . . , s(m)k , and conjugations by
powers of t, behave as if they were “independent.” We explain this assertion in more
detail. For instance, we know that
⟨s(m)1 , t2ms(m)2 t−2m⟩ ≃ ⟨s1, s2⟩;
this means that although s
(m)
1 and s
(m)
2 commute, after taking conjugations of certain
powers of t, we eventually see that these two elements “interact.” In this way, in the
global picture, we observe that s
(m)
1 , . . . , s
(m)
k
interact to each other, via conjugations of
powers of t so that s
(m)
1 , . . . , s
(m)
k
, t generate the whole G ≀ Z. On the other hand, in the
local picture, more precisely, if R < 2m, then inside the R-ball of (G ≀ Z;Sm) centered at
eG≀Z, we do not see any interaction of s
(m)
1 , . . . , s
(m)
k
and their conjugations by powers of t;
inside this R-ball, all of these elements commute. Therefore, from the local point of view,
the (k + 1)-marking Sm = (s(m)1 , . . . , s(m)k , t) becomes closer and closer to the marking
((c1δ0,0), (c2δ0,0), . . . , (ckδ0,0), (e,1)),
where for each j ∈ [k], cj is a cyclic generators of the cyclic group Cj of the same order as
sj; furthermore, these c1, . . . , ck are “independent”, which means that they all commute.
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Therefore, the Cayley limit group is of the form (C1 × C2 × ⋯ × Ck) ≀ Z. It describes the
Cayley convergence
(G ≀Z;Sm) CayÐ→ (C1 ×C2 ×⋯×Ck) ≀Z
with respect to the limit marking as above. 
The proof above explains utility of standard wreath products to create enough room for
the absorption trick.
5.3. The key proposition: combination of the absorption trick and a Hall-type
argument. The third step in the outlined proof of Theorem A described in Section 2
will be done by combination of the absorption trick as in Subsection 5.2 (Lemma 5.3)
and a Hall-type argument as in Subsection 4.6 (Lemma 4.8). The precise form of the
result is Proposition 5.4 below. It is worth mentioning again that formation of standard
(unrestricted) wreath products enable us to perform both of the two arguments above at
the same time.
Proposition 5.4 (Key proposition: combination of the absorption trick and a Hall-type
argument). Let G∞ be a finitely generated LEF group and S∞ = (s(∞)1 , . . . , s(∞)k ) be a
marking of G∞. Then there exist
● a sequence (pm)m∈N of strictly increasing prime numbers;
● a sequence of groups (Lm)m∈N, where for each m ∈ N, Lm is a subgroup of the
standard wreath product Gm ≀ (Z/pmZ); and
● three sequences of group elements (w(m))m∈N, (t(m))m∈N and (u(m))m∈N, where for
each m ∈ N, wm, tm, um ∈ Lm
such that all of the following conditions are satisfied.
(1) For each m ∈ N, ⟨w(m), t(m)⟩ = Lm and ⟨w(m), u(m)⟩ = Lm.(2) The sequence of 2-marked groups ((Lm;w(m), t(m)))m∈N converges in the Cayley topol-
ogy to a marked group with underlying group Γ1 = C ≀Z, where C is a cyclic group of
the same order as that of ⊕j∈[k] s
(∞)
j δj(∈⊕j∈[k]G∞).(3) The sequence of 2-marked groups ((Lm;w(m), u(m)))m∈N converges in the Cayley topol-
ogy to a marked group with underlying group Γ2. Here Γ2 contains an isomorphic copy
of the subgroup of G∞ generated by {[s(∞)i , s(∞)j ] ∶ i, j ∈ [k]}.
Proof. Take a LEF approximation (Gm)m∈N = ((Gm;Sm))m of G∞ = (G∞;S∞). Set two
sequences (pm)m∈N and (p′m)m∈N of natural numbers that satisfy
● for all m ∈ N, 2k < p′m < pm;
● limm→∞ p
′
m =∞ and limm→∞(pm/p′m) =∞; and
● for each m ∈ N, pm and p
′
m are coprime.
Note that only these three conditions are needed to prove the proposition; for instance, a
concrete example (pm, p′m) = ((3m+ 2)24k, (2m+ 1)3k) works. We may also take (pm)m∈N
as a strictly increasing sequence of primes. The latter example will be used in the proof
of Theorem A.
Given (Gm)m∈N, (pm)m∈N and (p′m)m∈N, we set for each m ∈ N
w(m) = (f (m),0), t(m) = (e, p′m) and u(m) = (e,1) (in Gm ≀ (Z/pmZ)).
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Here f (m) is defined by for n ∈ Z/pmZ,
f (m)(n) = { s(m)j , if n = 2j for j ∈ [k],
eGm , otherwise.
Finally, set Lm as the subgroup of Gm ≀ (Z/pmZ) generated by w(m) and u(m).
We claim that this construction meets all of the three assertions (1)–(3) in the propo-
sition. Since p′m and pm are coprime, (1) holds true. In what follows, we present intuitive
descriptions of the proofs of (2) and (3), which go along a similar line to one in the proof
of Lemma 5.3; these arguments can be formalized to a rigorous proof.
The key here is the following extreme difference between two 2-markings (w(m), t(m))
and (w(m), u(m)) in the local picture: For the 2-marked group (Gm ≀(Z/pmZ);w(m), u(m)),
we may see many interactions of w(m) and its conjugates by powers of u(m) even in the
local picture. This is because if our R is more than 2k+1+1, then for all j ∈ [k], the element
(u(m))−2jw(m)(u(m))2j is in the R-ball centered at eGm≀(Z/pmZ); these elements together
with w(m) possess much information of the group Gm even in the local picture; we come
back to this point later. In contrast, for the 2-marked group (Gm ≀ (Z/pmZ);w(m), t(m)),
from the local point of view, w(m) and its conjugates by powers of t(m) behave as if there
were “independent.” This follows from our way of defining (pm)m and (p′m)m; in other
words, in the local picture, supports of conjugates of w(m) by powers of t(m) are all disjoint.
Compare with the proof of Lemma 5.3.
From these key observations, we may determine the Cayley limit groups of ((Gm ≀(Z/pmZ);w(m), t(m)))m and ((Gm ≀ (Z/pmZ);w(m), u(m)))m, respectively, as follows.
● (Absorption trick part): For the former sequence ((Gm ≀ (Z/pmZ);w(m), t(m)))m,
the absorption trick applies. What we obtain is the following Cayley convergence:
(Lm;w(m), t(m)) CayÐ→ (Γ1;w(∞), t(∞)).
where w(∞) and t(∞) are elements in G∞ ≀Z
2 defined as follows: The element w(∞)
is (f (∞),0), where f (∞) is the element on ⊕Z2 G∞ defined by for (n1, n2) ∈ Z2,
f (∞)((n1, n2)) = { s(∞)j , if n1 = 2j for j ∈ [k] and if n2 = 0,
eG∞ , otherwise.
The element t(∞) is (e, (0,1)). The group Γ1 is the subgroup of G∞ ≀Z2 generated
by w(∞) and t(∞). To sum up, the absorption trick enables us to obtain t(∞)
to be a shift on a direction that is independent from the direction in which non-
neutral elements of f (∞) lie. Therefore, all conjugates of w(∞) by powers of t(∞)
commute. By letting C be a cyclic group of the same order as w(∞), we hence have
the marked group isomorphism
(Γ1;w(∞), t(∞)) ≅ (C ≀Z; c, s),
where c is a generator of C and s is the shift by +1 on Z. This proves (2).
● (Hall-type argument part): For the latter sequence ((Gm ≀(Z/pmZ);w(m), u(m)))m,
in contrast to the former case, we see many interactions of w(m) and its conjugates
by powers of u(m) even in the local picture. From this, we may conclude that
(Lm;w(m), u(m)) CayÐ→ (Γ2;w(∞), u(∞)).
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Here w(∞) ∈ G∞ ≀ Z
2 is the same elements as above and u(∞) = (e, (1,0)); Γ2 is
the subgroup of G∞ ≀ Z
2 generated by w(∞) and u(∞). The main difference from
the former case is that the direction of the shift by u(∞) is the same as one in
which non-neutral elements of f (∞) lie. Hence, we can see many interactions of
conjugates of w(∞) by powers of u(∞). In this situation, a similar argument to
the Hall-type argument as in the proof of Lemma 4.8 applies, which makes use of
commutators of these elements above. It is now straightforward to confirm (3).

5.4. Proof of Theorem A. We split the proof into three parts: The proof of the main
assertions ((1)–(3)), that of the assertion to take t = u3, and that of the last assertion
on H. Recall our definition of θγ from Lemma 4.9. The proof makes full use of Cayley
convergences in the space of marked groups. To comprehend the proof, the reader is
supposed to be ready to obtain a new Cayley convergent sequence out of one by applying
Lemma 4.10 and Proposition 5.4; he/she may also need to be accustomed to showing
generation of a subgroup by certain elements in a standard wreath product by commutator
calculus in a Hall-type argument, similar to one in Lemma 4.8. Recall arguments in
Lemma 4.6, Remark 4.7 and Lemma 5.3 to grasp the local point of view for Cayley
convergences.
Proof of the main assertions of Theorem A. We follow the outlined proof as in Section 2
by steps. Let G be a finitely generated LEF group.
Step 1. By Lemma 5.1, our G embeds G# that admits a marking (s(∞)1 , . . . , s(∞)2k ) such
that for every j ∈ [2k], s(∞)j is of order 2. Set G∞ = (G#; s(∞)1 , . . . , s(∞)2k ).
Take a LEF approximation (Gm)m∈N= ((Gm; s(m)1 , . . . , s(m)2k ))m of G∞. Here we
may assume that #(Gm) is at least 5, strictly increasing with m, and divisible by
4. (The last assertion follows from orders of generators for sufficiently large m;
even if it is not the case, replace G# with G# ×D4 and Gm with Gm ×D4 and add
two more generators from D4 which are involutions.)
Step 2. Apply Lemma 4.10 to encode information of this convergence Gm
Cay
→ G∞ into
alternating groups. Here note that since #(Gm), m ∈ N, is divisible by 4, θγ
for γ in the marking of Gm all have positive signs. Thus, we obtain a (6k − 1)-
marking (ξ(m)1 , . . . , ξ(m)6k−1) of Alt(Gm) for every m ∈ N and that (ξ(∞)1 , . . . , ξ(∞)6k−1) of
Alt(G#) ⋊G# such that
(Alt(Gm); ξ(m)1 , . . . , ξ(m)6k−1) CayÐ→ (Alt(G#) ⋊G#; ξ(∞)1 , . . . , ξ(∞)6k−1)
Note that for every m ∈ N, each ξ
(m)
j , j ∈ [6k − 1], is either of order 2 or of order 3
by construction.
Step 3. Apply Lemma 4.11 to Alt(Gm). Then for j ∈ [6k − 1], we obtain η(m)j and ζ(m)j
in Alt(Gm) such that ξ(m)j = [η(m)j , ζ(m)j ]. In fact, it follows from the proof of
Lemma 4.11 in [37] that we may take η
(m)
j and ζ
(m)
j such that they are, respectively,
either of order 2 or order 3. Now, consider a sequence of (18k − 3)-marked groups
((Alt(Gm); ξ(m)1 , . . . , ξ(m)6k−1, η(m)1 , . . . , η(m)6k−1, ζ(m)1 , . . . , ζ(m)6k−1))m∈N.
This sequence itself is not necessarily a converge sequence, but by compactness ofG(18k−3), it admits a convergent subsequence in the Cayley topology. Hence, after
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passing to a subsequence, we may assume that the sequence above is a convergent
sequence in the Cayley topology.
Now apply the key proposition, Proposition 5.4, to this LEF approximation. We
obtain (pm)m∈N, (Lm)m∈N, (w(m))m∈N, (t(m))m∈N and (u(m))m∈N as there. One of
the keys to our proof of Theorem A is that, in fact, for every m ∈ N
Lm = Alt(Gm) ≀ (Z/pmZ)
holds true. Importance of it is in relation to density of the resulting Λ1 and Λ2;
see Step 4 below. To see the equality above, first apply a Hall-type argument
(as in the proof of Lemma 4.8) to see that for every j ∈ [6k − 1], the element
ξ
(m)
j (= [η(m)j , ζ(m)j ]) in the 0-th coordinate of ⊕(Z/pmZ)Alt(Gm) belongs to Lm.
Since (ξ(m)1 , . . . , ξ(m)6k−1) is a marking of Alt(Gm), we verify the equality above.
In summary, we have obtained two systems of 2-markings ((w(m), t(m)))m∈N and((w(m), u(m)))m∈N of (Lm)m∈N = (Alt(Gm) ≀ (Z/pmZ))m∈N such that the following
hold true:
● ((Lm;w(m), t(m)))m∈N converges in the Cayley topology to a marked group
with underlying group Γ1. Here Γ1 is of the form C ≀Z and C is finite cyclic
by Step 2. (More precisely, C = Z/6Z in our construction; some modification
enables us to take C to be Z/2Z.)
● ((Lm;w(m), u(m)))m∈N converges in the Cayley topology to a marked group
with underlying group Γ2. Here Γ2 contains an isomorphic copy of
⟨ξ(∞)1 , . . . , ξ(∞)6k−1⟩ (= Alt(G#) ⋊G#);
in particular, Γ2 contains an isomorphic copy of the original G.
Step 4. Take the diagonal products, respectively, of the two sequences of marked groups((Lm;w(m), t(m)))m∈N and ((Lm;w(m), u(m)))m∈N. Let
(Λ1;w, t) = ∆m∈N((Lm;w(m), t(m))) and
(Λ2;w,u) = ∆m∈N((Lm;w(m), u(m))).
and
K = ∏
m∈N
Lm (≃ ∏
m∈N
(Alt([lm]) ≀ (Z/pmZ))) ,
where we set lm = #(Gm) for every m ∈ N. Apply Lemma 4.2; we then have
assertions (1) and (2) from Step 3. Indeed, for (1), note that Λ1 is an LFNF-lift
of C ≀Z; in particular, it is a locally-finite-lift of Z because C is finite.
Finally, we prove (3) (density). Recall that lm ≥ 5 and pm is a prime for every
m ∈ N. Since Lm ≃ (Alt([lm]) ≀ (Z/pmZ), the set of composition factors of Lm is{Alt([lm]),Z/pmZ}. Because lm and pm are respectively strictly increasing with
m ∈ N, each finite simple group appears as a composition factor of Lm for at most
one m ∈ N. Therefore, Lemma 4.5 applies, and we conclude that Λ1 and Λ2 are
both dense in K. This completes our proof.

Proof of the assertion of Theorem A to take t = u3. We modify the construction above in
order to take t = u3. To do this, we first employ dihedral groups Dpm , instead of Z/pmZ.
Given G, take Steps 1 and 2 above. Proceed to the former half of Step 3 above to ob-
tain (Alt(Gm); ξ(m)1 , . . . , ξ(m)6k−1, η(m)1 , . . . , η(m)6k−1, ζ(m)1 , . . . , ζ(m)6k−1). Rename (ξ(m)1 , . . . , ζ(m)6k−1)
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as (ξ(m)1 , . . . , ξ(m)18k−3). Fix a sequence of strictly increasing primes (pm)m∈N such that
p0 > 2
30k. For every m ∈ N, let
Jm = Alt(Gm) ≀Dpm
and y(m) = (g(m), eDpm ), a(m) = (e, cpm) and b(m) = (e, dpm). Here cpm and dpm are
standard two generators of Dpm of order 2 (see the proof of Lemma 5.1) and
g(m)(γ) = { ξ(m)j , if γ = ((cpmdpm)2)2j for j ∈ [18k − 3],
eAlt(Gm), otherwise.
Then, similar to the proof of Proposition 5.4, we have that (y(m), a(m), b(m)) is a marking
of Jm. Here, the reason for switching from Z/pmZ to Dpm is to obtain markings of fixed
finite order. (In this case, a(m) and b(m) are of order 2. As in a remark in the proof of
Theorem A, we may arrange our construction in such a way that y(m) is of order 2 as
well.)
Now, we apply Lemma 4.10 once more, this time to the marked groups ((Jm;y(m), a(m), b(m)))m
to obtain a system of 8-marking (µ(m)1 , . . . , µ(m)8 ) of (Alt(Jm))m. Then by Lemma 4.11),
we may go the same line as the first half of Step 3 as follows; after passing to a subsequence
if necessary, we obtain a convergent sequence of 24-marked groups
((Alt(Jm);µ(m)1 , . . . , µ(m)8 , ν(m)1 , . . . , ν(m)8 , υ(m)1 , . . . , υ(m)8 ))m∈N,
where for each j ∈ [8], [ν(m)j , υ(m)j ] = µ(m)j holds.
Rename (µ(m)1 , . . . , υ(m)8 ) as (µ(m)1 , . . . , µ(m)24 ). By changing orders inside markings, we
can have that 24-marking such that
µ
(m)
22 = θy(m) , µ
(m)
23 = θa(m) and µ
(m)
24 = θb(m) .
For every m ∈ N, take two elements w(m) and u(m) in Lm = Alt(Jm) ≀ (Z/pmZ) as
w(m) = (f (m),0) and u(m) = (e,222), where
f (m)(n) =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
µ
(m)
j , if n = 2
j for j ∈ [23],
µ
(m)
24 , if n = 3 ⋅ 2
23,
eAlt(Jm), otherwise.
Here we use the same sequence (pm)m of primes as one in the argument above in the proof
of Theorem A. In what follows, we investigate, respectively, these two systems of 2-marked
groups ((Lm;w(m), (u(m))3))m and ((Lm;w(m), u(m)))m.
● (Absorption trick part): Here we discuss the marking ((Lm;w(m), (u(m))3))m. Ob-
serve that (u(m))3 = (e,3 ⋅ 222). From this, it is easy to see by construction that
in the local picture, all conjugates of w(m) by powers of (u(m))3 does not interact.
By the absorption trick, we conclude that, the underlying group Γ1 of the Cayley
limit of ((Lm;w(m), t(m)))m is of the form C ≀ Z, where C is finite cyclic. This C
may be taken as Z/2Z.
● (Hall-type argument part): Unlike the former case, by our construction, w(m) and
(u(m))4w(m)(u(m))−4 does interact ; this interaction survives even in the local pic-
ture. More precisely, we have that for each m,
u(m)[w(m), (u(m))4w(m)(u(m))−4](u(m))−1 = (θ(a(m)b(m))2δ222 ,0).
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Hence the element in the left hand side of the equality above does interact with
w(m) as well. Write the element in the equality above as q(m). Now we apply the
following Hall-type argument: For every i, j ∈ [18k − 3], we have that
[(q(m))2iw(m)(q(m))−2i , (q(m))2jw(m)(q(m))−2j ]
= ([θ
((a(m)b(m))2)2iy(m)((a(m)b(m))2)−2i
, θ
((a(m)b(m))2)2
j
y(m)((a(m)b(m))2)−2
j ]δ222 ,0)
= (θ
([ξ
(m)
i
,ξ
(m)
j
]δeDpm
,eDpm )
δ222 ,0).
By our construction of ξ
(m)
i , i ∈ [18k−3], it implies that Γ2 contains an isomorphic
copy of Alt(G#) ⋊G#.
Set lm = #(Jm) and form the diagonal products associated with, respectively, the two
systems of 2-marked groups above; Lemma 4.2 ends our proof. 
Proof of the last assertion of Theorem A on H. Apply Lemma 5.1, and then we obtain a
finitely generated RF group H# generated by elements of order 2; see Remark 5.2. Since
H# is RF, we can take a LEF approximation (Hm)m∈N = (H#/Nm)m of H# (with respect
to appropriate markings) coming from a chain (Nm)m∈N of normal subgroups of H#; recall
Subsection 4.4. In a similar way to one in the proof above, we may assume that each θγ
for γ in the marking of Hm has a positive sign.
In our construction in the proof of the rest of Theorem A, replace G# with G# ×
H#; replace a LEF approximation (Gm)m∈N with (Gm ×Hm)m∈N with standard markings
associated to direct products of two marked groups. Obtain two sequences of 2-marked
groups ((Lm;w(m), t(m)))m∈N and ((Lm;w(m), u(m)))m∈N, where t(m) = (u(m))3, in this
setting.
We finally claim that the underlying group Λ2 of ∆m∈N((Lm;w(m), u(m))) contains an
isomorphic copy of H#. To show this, first recall from Subsection 4.4 that
(Λ2,w,u)(= ∆m∈N((Lm;w(m), u(m)))) ≅ ∆n∈N((Λ(Mn);w(Mn), u(Mn))).
Write the marking (h(∞)1 , . . . , h(∞)ℓ ) of H# which was used to construct w and u above.
For every m ∈ N, set h
(m)
j = h
(∞)
j mod Nm in Hm(= H#/Nm) for j ∈ [ℓ]. Then, for every
m ∈ N, we have a group isomorphism
⟨θθ
h
(m)
1
, . . . , θθ
h
(m)
ℓ
⟩ ≃Hm,
where for j ∈ [ℓ], θθ
h
(m)
j
is regarded as an element in Alt(Alt(Gm ×Hm) ≀Dpm). Similarly,
for j ∈ [ℓ] we consider θθ
h
(∞)
j
as an element in Sym(Sym(G# ×H#) ≀D∞). Then, by our
construction of (Hm)m∈N, we have the following marked group isomorphism:
∆n∈N(∆m∈Mn((H(m); θθ
h
(m)
1
, . . . , θθ
h
(m)
ℓ
))) ≅ (H(N); θθ
h
(∞)
1
, . . . , θθ
h
(∞)
ℓ
);
see Subsection 4.4. Here for every m ∈ N, the group H(m) is defined as the subgroup
of Alt(Alt(Gm × Hm) ≀ Dpm) generated by θθ
h
(m)
1
, . . . , θθ
h
(m)
ℓ
; as an abstract group, it is
isomorphic to Hm. The group H
(N) is defined as the underlying group of the diagonal
product ∆m∈N((H(m); θθ
h
(m)
1
, . . . , θθ
h
(m)
ℓ
)). The underlying group of the diagonal product
in the left hand side above is a subgroup of that of ∆n∈N((Λ(Mn);w(Mn), u(Mn))), which
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equals Λ2. Since H
(m) ≃ Hm for every m ∈ N, it follows that H
(N) ≃ H#. Therefore, Λ2
contains an isomorphic copy of H#(⩾H), as desired. 
Remark 5.5. The proof above (to take t = u3) implies that for each n ∈ N≥3, we may
arrange as t = un in the statement of Theorem A. To prove this for n ∈ {4,5}, we need to
modify our construction of w(m) accordingly.
Remark 5.6. In fact, the proof of Theorem A implies that the group Λ1 appearing in
Theorem A may be taken to be an LFNF-lift of C ≀ Z, where C is finite cyclic (we may
furthermore take C = Z/2Z).
In the forthcoming work of R. Tanaka and the author, we study permanence properties
for certain LFNF-lifts. As a byproduct of it, we show that the group Λ1 appearing in
Theorem A may be arranged such that it has the Liouville property (with respect to
every symmetric finite generating set) and Shalom’s property HFD. We do not recall the
definitions of these properties; see [9], [43] and [10] for the definitions and more details. We
make a remark that among amenable groups, groups with these properties are, respectively,
considered as “small” groups in certain senses. For instance, it is known by [23, Proposition
6.4] that (Z/2Z) ≀ Z3 does not have the Liouville property; in [10, Proposition 4.4], it is
showed that Sym<ℵ0(Z) ⋊ Z fails to have property HFD.
6. Proof of Theorem B
6.1. Encoding into special linear group. Let B be a non-empty at most countable set.
Let R be an associative ring with unit, possibly non-commutative. Consider the semigroup
of all matrices (ai,j)i,j∈B over R such that ai,j = 0 all but finitely many j for every fixed
i and that ai,j = 0 all but finitely many i for every fixed j. This is in fact a monoid with
unit I (the identity matrix). We define GL(B,R) as the group of all invertible elements
of this monoid. If moreover R is commutative, then by SL(B,R), we denote the union of
SL(B0,R)(= {g ∈MatB0×B0(R) ∶ det(g) = 1}) over all non-empty finite subsets B0 ⊆ B via
the natural inclusion GL(B0,R) ↪ GL(B,R). For i, j ∈ B with i ≠ j and r ∈ R, we define
an elementary matrix eai,j by
(eri,j)k,l =
⎧⎪⎪⎪⎨⎪⎪⎪⎩
1, for k = l,
r, for (k, l) = (i, j),
0, otherwise.
This is an element in GL(B,R) (it is in SL(B,R) if R is commutative).
Let (Gm)m∈N = ((Gm; s(m)1 , . . . , s(m)k ))m be a LEF approximation of an infinite group
G∞ = (G∞; s(∞)1 , . . . , s(∞)k ). Without loss of generality, we assume that for every m ∈
N ∪ {∞} and for every j ∈ [k], s(m)j ≠ eGm holds. Similar to the case of alternating
groups in Lemma 4.10, we now assume that for each m ∈ N and each j ∈ [k], the element
θ
s
(m)
j
∈ Sym(Gm) has a positive sign. For a countable group G, for γ ∈ G ∖ {eG} and for a
prime p, define elements σγ = σγ(p) and τγ = τγ(p) in GL(G,Fp) by
σγ = e
1
eG,γ
,
τγ = (the permutation matrix by the shift on G by the right multiplication of γ).
More precisely, for g,h ∈ G, (τγ)g,h equals 1 if h = gγ and 0 otherwise. Note that if
#(G) <∞ and if θγ ∈ Sym(G) has a positive sign, then τγ belongs to SL(G,Fp).
Then, we have the following Cayley convergence, which may be seen as an analog of
Lemma 4.9 and Lemma 4.10 for the case of special linear groups.
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Lemma 6.1 (Encoding into special linear groups). Let p be a prime number. Let (Gm)m∈N =((Gm; s(m)1 , . . . , s(m)k ))m be a LEF approximation of an infinite groupG∞ = (G∞; s(∞)1 , . . . , s(∞)k ).
Assume that for every m ∈ N ∪ {∞} and for every j ∈ [k], s(m)j ≠ eGm holds and θs(m)
j
∈
Sym(Gm) has a positive sign. For m ∈ N ∪ {∞}, let Θm be the subgroup of GL(G,Fp)
generated by the 2k-marking
(σ
s
(m)
1
(p), σ
s
(m)
2
(p), . . . , σ
s
(m)
k
(p), τ
s
(m)
1
(p), τ
s
(m)
2
(p), . . . , τ
s
(m)
k
(p)).
Then, for m ∈ N, Θm equals SL(Gm,Fp). Furthermore, we have the following Cayley
convergence in G(2k):
(SL(Gm,Fp);σs(m)
1
, . . . , σ
s
(m)
k
, τ
s
(m)
1
, . . . , τ
s
(m)
k
)
Cay
Ð→ (Θ∞;σs(∞)
1
, . . . , σ
s
(∞)
k
, τ
s
(∞)
1
, . . . , τ
s
(∞)
k
).
Remark 6.2. The Cayley limit group Θ∞ as in Lemma 6.1 is a subgroup of SL(G∞,Fp) ⋊
G∞. Here for an infinite countable group G, the action of G in the group SL(G,Fp) ⋊G
is given by permutations of coordinates induced by right multiplication G ↶ G. More-
over, the intersection of Θ∞ and G∞ (on the right side of SL(G∞,Fp) ⋊G∞) equals G∞,
Therefore, Θ∞ is a locally-finite-lift of G∞.
Proof of Lemma 6.1. To see that for every m ∈ N, Θm = SL(Gm,Fp) holds, first ob-
serve that every s
(m)
j ∈ Gm, j ∈ [k], is a torsion (because #(Gm) < ∞). Hence for
every j ∈ [k], σ
(s
(m)
j
)−1
belongs to Θm. Indeed, employ σ(s(m)
j
)
and powers of τ
(s
(m)
j
)
.
It then follows that for every γ ∈ Gm ∖ {eGm}, σγ may be written as some product of
σ
s
(m)
1
, . . . , σ
s
(m)
k
, τ
s
(m)
1
, . . . , τ
s
(m)
k
; hence it is in Θm. Since Fp is a field, it holds by Gauss-
ian elimination that SL(Gm,Fp) is generated by elements of the form above. Hence,
Θm = SL(Gm,Fp).
To prove the latter Cayley convergence, we may argue in a similar manner to one in
the proof of Lemma 4.9, with the local point of view. 
6.2. Proof of Theorem B. Before our proof, we give the definition of elementary group
over a ring. Let R be an associative ring with unit and n ∈ N≥2. Then the elementary
group of degree n over R, here we write as E(n,R), is defined by the subgroup of GL(n,R)
generated by elementary matrices eri,j , i ≠ j ∈ [n], r ∈ R. A celebrated theorem by Ershov
and Jaikin-Zapirain [13] states that for every n ∈ N≥3 and for every finitely generated
(unital associative) R, the group E(n,R) has property (T). In particular, it applies to
the case where R = Z⟨X,Y ⟩, which denotes the non-commutative polynomial ring over Z
with indeterminates X and Y .
Remark 6.3. In [28], the author proved the following strengthening of the aforementioned
theorem: For every n ∈ N≥4 and for every finitely generated (unital associative) R, the
group E(n,R) has the fixed point property with respect to Lr-spaces for all 1 < r < ∞.
Indeed, the fixed point property above is known to be strictly stronger than property (T),
which is equivalent for countable groups to the fixed point property with respect to L2-
spaces. See [4] for details. See also an expository article [29] for the method of “upgrading
fixed points”, which was employed in [28] to prove the fixed point property above. This
reference [29] also provides a simpler alternative proof (but without supplying any estimate
of Kazhdan constants) of the theorem of Ershov and Jaikin-Zapirain.
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Proof of Theorem B. First we recall the resolution of the Lubotzky–Weiss conjecture
(property (T) part) in [13] in the following form: For a sequence (lm)m∈N of strictly
increasing sequence of positive integers divisible by 4 and for a prime p, there exists a
finitely generated dense subgroup Λ3 of K = ∏m∈N SL(lm,Fp) with property (T). The
proof was done in [13, Subsection 6.3]; nevertheless, we include a (slightly different but
essentially the same) proof for convenience of the reader. Recall that in our construction,
we can arrange (lm)m∈N such that every lm is divisible by 4; set l′m = lm/4(∈ N). Then by
regarding SL(lm,Fp) = SL(4l′m,Fp) as an elementary group over l′m × l′m block matrices,
we obtain a natural isomorphism
SL(lm,Fp)(= E(lm,Fp)) ≃ E(4,Matl′m×l′m(Fp)).
Observe that the coefficient ring Matl′m×l′m(Fp) in the right hand side is always 2-generated
with ring unit Il′m as a ring : Indeed, if we set x
(m) = e11,2 and y
(m) as a matrix associ-
ated with a cyclic permutation on [l′m], then {Il′m , x(m), y(m)} generates Matl′m×l′m(Fp).
Now we consider E(4,Z⟨X,Y ⟩) and fix a marking of it (for instance, we may take T =(e11,2, eX1,2, eY1,2, τ), where τ is a matrix associated with a cyclic permutation on [4] with
some minus-sign). Then for each m ∈ N, the map sending 1 to Il′m , X to x
(m) and Y to
y(m) induces a group quotient map
E(4,Z⟨X,Y ⟩)↠ E(4,Matl′m×l′m(Fp)) (≃ SL(lm,Fp)).
This map projects the fixed marking T of E(4,Z⟨X,Y ⟩) to the corresponding marking Tm
of SL(lm,Fp). Finally, set Λ3 as the underlying group of ∆m∈N((SL(lm,Fp);Tm)). It is
dense in
K = ∏
m∈N
SL(lm,Fp)
by Lemma 4.5. Indeed, since lm ≥ 4, the only possible finite simple quotient is PSL(lm,Fp).
We claim that Λ3 has property (T). To prove this, observe that Λ3 is a group quo-
tient of E(4,Z⟨X,Y ⟩) because each (SL(lm,Fp);Tm), m ∈ N, satisfies every relation on(E(4,Z⟨X,Y ⟩);T ). We, in particular, obtain a 4-generated example of Λ3. (Note that
this argument together with Remark 6.3 shows that the Λ3 above has the fixed point
property for Lr-spaces for all r ∈ (1,∞).)
Then, we proceed to a construction of Λ4 ↷ K. Fix a prime p. Given H, we construct
two sequences of 2-marked groups ((Lm;w(m), (u(m))3))m and ((Lm;w(m), u(m)))m ob-
tained in the full proof of Theorem A. Apply Lemma 6.1 to these two sequences. Set
lm = #(Lm) and identify SL(lm,Fp) with SL(Lm,Fp). We construct two systems of 4-
markings
((SL(lm,Fp);σw(m) , σ(u(m))3 , τw(m) , τ(u(m))3))m∈N,
and ((SL(lm,Fp);σw(m) , σ(u(m))3 , τw(m) , τu(m)))m∈N.
Let Λ1 (respectively, Λ2) be the underlying group of the diagonal product of the former
sequence (respectively, the latter sequence). Then, by Lemmata 6.1, 4.2 and 4.5, we have
the following:
● Λ1 ⩽ Λ2;
● Λ1 is a locally-finite-lift of Z;
● Λ2 contains an isomorphic copy of H; and
● Λ1 and Λ2 are both dense in K.
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Observe that by construction, we may arrange (lm)m∈N such that each lm is divisible by 4.
Let Λ3 be another (4-generated) dense subgroup of K that has property (T), constructed
in our first argument. Finally, let Λ4 be the group generated by these Λ2 and Λ3 (which
is 8-generated and dense in K). We claim that the Λ1 and Λ4 above satisfy all of the
three conditions as in Theorem B. Indeed, the first and second conditions are fulfilled by
construction. For the third condition on spectral gaps, since Λ3 has property (T), Λ3 ↷K
has a spectral gap. Now by density of Λ3 in K, Λ3 ↷ K is ergodic; recall our discussion
in Remark 3.5. From this, it is clear that the spectral gap property for Λ4 ↷ K follows
from that for Λ3 ↷ K. See also Remark 6.4 for an alternative argument for the spectral
gap property. 
Remark 6.4. It is straightforward (see [26, Proposition 1.15] and [1]) to see that for a
finitely generated RF group Λ and a chain (Nm)m∈N of normal subgroups (recall Sub-
section 4.4), the profinite action lim←Ðm(Λ ↷ Λ/Nm) has a spectral gap if and only if the
actions (Λ ↷ Λ/Nm)m∈N has a uniform spectral gap. It means for some (equivalently, ev-
ery) finite generating set S of Λ, the value of (best possible) ǫS as in the definition above
of having spectral gaps for the action Λ ↷ Λ/Nm, m ∈ N, is uniformly bounded away
from zero; this condition is equivalent to saying that the sequence of the Cayley graphs
of ((Λ/Nm;S mod Nm))m∈N forms an expander family ([36, 5.6]). It may be also restated
as Λ has property (τ) with respect to the chain (Nm)m∈N; see [26] for details on property(τ).
In this point of view, we may have a more graph-theoretical proof of the spectral gap
property for Λ4 ↷ K in the proof of Theorem B, as follows: By argument in Subsec-
tion 4.4, it suffices to show that (Λ4 ↷∏m∈Mn SL(lm,Fp))n produces an expander family.
Since Λ3 has property (T), the system (Λ3 ↷ ∏m∈Mn SL(lm,Fp))n produces an expander
family. Now note that (as long as degrees of graphs are uniformly bounded), being an
expander family is a monotone property, that means, this property is closed under adding
edges to each component of the original graph sequences: This is clear if we consider the
characterization of expander families in terms of (Cheeger) isoperimetric constants ([36,
Definition 5.6.3]), or of Poincare´-type inequalities. Therefore, (Λ4 ↷∏m∈Mn SL(lm,Fp))n
yields an expander family, as desired.
Remark 6.5. It is unclear whether the action Λ↷∏m∈NLm has a spectral gap, even if the
sequence of the Cayley graphs of ((Lm;v(m)1 , . . . , v(m)ℓ ))m forms an expander family. Here(Lm)m∈N = ((Lm;v(m)1 , . . . , v(m)ℓ ))m is a LEF approximation that satisfies the condition of
(the former statement of) Lemma 4.5, and Λ is the underlying group of ∆m∈N(Lm). This is
because, to switch to the corresponding profinite system, we need to lift Ln to ∆m∈Mn(Lm);
recall Remark 6.4. Even if the sequence of the Cayley graphs of (Ln)n∈N forms an expander
family, it may not be clear whether the same holds for (∆m∈Mn(Lm))n∈N. This problem is
a special case of [26, Question 1.14]; in [1, Corollary 9], a counterexample to the original
question of [26] was constructed, but it is a family of non-normal finite index subgroups.
Remark 6.6. A remarkable result of Kaluba–Nowak–Ozawa [18], property (T) for Aut(F5),
together with a result of Gilman implies the following: There exists a strictly increasing
sequence (cm)m∈N of integers at least 5 such that the group ∏m∈NAlt([cm]) admits a
finitely generated dense subgroup with property (T).
We may obtain Λ4 as in the statement of Theorem B for the case where KAlt =
∏m∈NAlt([lm]), where (lm)m∈N is some sequence of strictly increasing natural numbers at
least 5 (but numbers of generators of Λ4 may get enormous). Indeed, to construct such
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a Λ4, we appeal to the following result: Kassabov [19], together with Kassabov–Nikolov
[21], constructed a finitely generated dense subgroup Λ3 of ∏m∈N≥5 Alt([m]) such that
it has property (τ) (with respect to the family of all finite index subgroups); see also
[20]. Compare with Remark 6.4. Finally, construct Λ1 and Λ2 not by Lemma 6.1 but by
Lemma 4.10; obtain Λ1 and Λ4 = ⟨Λ2,Λ3⟩, both dense in KAlt, as desired.
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